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Abstract 

We prove that any planar 4-web defines a unique projective structure 
in the plane in such a way that the leaves of the foliations are geodesies 
of this projective structure. We also find conditions for the projective 
structure mentioned above to contain an affine symmetric connection, and 
conditions for a planar 4-web to be equivalent to a geodesic 4-web on an 
affine symmetric surface. Similar results are obtained for planar d-webs, 
d > 4, provided that additional d — 4 second-order invariants vanish. 

1 Introduction 

In this paper, which is a continuation of the paper [1], we study geodesic webs, 
i.e., webs whose leaves are totally geodesic in a torsion- free affine connection. 

We study in detail the planar case and prove that any planar 4-web defines 
a unique projective structure in the plane in such a way that the leaves of the 
foliations are geodesies of this projective structure. We also find conditions 
for the projective structure mentioned above to contain an affine symmetric 
connection, and conditions for a planar 4-web to be equivalent to a geodesic 
4-web on an affine symmetric surface. 

Similar results are obtained for planar d-webs, d > 4, provided that addi- 
tional d — 4 second-order invariants vanish. 

We also apply the obtained results to a surface of constant curvature and to 
the linear webs. This allows us to prove the Gronwall-type theorem (see [7] and 
[5]) and its natural generalizations in the case of geodesic webs. 

For this, first, we find necessary and sufficient conditions for the foliation 
defined by level sets of a function to be totally geodesic in the torsion-free con- 
nection. This brings us to what we call the fiex equation. The flex equation 
possesses the infinite-dimensional pseudogroup of gauge symmetries. Factoriza- 
tion of the flex equation with respect to this pseudogroup leads us to the Euler 
equation as well as to natural generalizations of it. This reduction gives us a 
way to solve the flex equation. 
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Second, wc apply these conditions to find a linearity criterion for planar 
webs mentioned above. We formulate these conditions by means of the flex 
equation(s) and show how to describe linear webs in terms of the Euler equation. 

For all these webs we find conditions which web function of a linear web 
must satisfy. 

2 Linear Connections in Nonholonomic Coordi- 
nates 

Let M be a smooth manifold of dimension n. Let vector fields 5i, 5„ form a 
basis in the tangent bundle and let w^, ..,a;" be the dual basis. Then 

k 

for some functions cf^- e C°° (M) , and 

du'^ + ^ q^j W' A uj^ = 0. 

Let V be a linear connection in the tangent bundle, and let F^^- be the Christoffel 
symbols of second type. Then 

k 

where Vj =^ Va^ , and 

Vi K)=-$:F?y. 

i 

The covariant differential of a vector field 

dv : D (M) ^ D (M) O Q} (M) , 
and the covariant differential of a differential 1-form 

dv : {M) (M) ® (M) 

take the following form: 

and 
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Remark that if the connection V is torsion-free, then 

pfc "pfc _ 

ij ji ij ■ 

For the curvature tensor R = d'^ -.1) (M) D (M) (g) (M) one has 

R{d„dj):dk^^Rljdi, 
I 

where 

^kij = ^< (^jfe) ~ i^ik) + ^ — T^^Tj^ — cj^r^jt) . 
3 Geodesic Foliations and Flex Equations 

The covariant differential 

dv ■■ (M) (M) (g) (M) 

sphts into the direct sum — dy (B rfy according to the sphtting of tensors 
into the sum of skew-symmetric and symmetric ones: 

(M) ® (M) = (^m) ® (m) . 

Then the connection is a torsion-free if and only if the skew-symmetric compo- 
nent coincides (up to sign) with the de Rham differential: 

d'^^-d: (M) (M) . 

In the nonholonomic coordinates the symmetric component d^ has the form 

where • means the symmetric product of differential 1-forms. 

Lemma 1 The foliation defined by a differential 1-form 9 is totally geodesic in 
the connection V if and only if 

d"^ (9) = aA 6, d'^{e)=/3-0 

for some differential 1-forms a and /3. 

Proof. See Proposition 2 in [1]. ■ 

Corollary 2 The foliation defined by a differential 1-form 6 is totally geodesic 
in the torsion-free connection V if and only if 

d^{e) = i3-e 

for a differential 1-form (3. 
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Corollary 3 The foliation defined by level sets of a function f is totally geodesic 
in the torsion-free connection V if and only if the quadratic form 

d'^d{f)&S^ (M) 

vanishes on the level sets f — const . 

Lemma 4 Assume that differential 1-forms Ti,..,r„ are linearly independent 
on M. A quadratic form 

Q — ^ ^ Qij^i ' 

ij 

vanishes on the distribution ri H + t„ = z/ and only if we have 

Qii ~t~ Qjj — '^Qij 

for all i,j. 

Proof. One has 

QijTi • Tj = (n H h Tn) ■ {xiTi H h a;„T„) 

ij 

for some functions xi, ...,a;„. 

Then 2Qij = Xi + xj. Taking i = j, we get Xi = Qu, and then Qa + Qjj = 
2Qij. m 

Now we apply this lemma to the quadratic form Q = d^d (/) and = /iW*, 
where fi = di{f) . We have 



and 



{df) = ( ^ J = ^ fkd^^ (u;'=) + ^ dfi 

\ k J k i 

= - E fkr^j""' -^' + 11 9i {dj (/)) ■ co^ 



i,j,k 



T.(di{dj{f))-J2^^jdk{f)\ LJ'-LJ^ 
i,j \ k / 



In other words, 



n ■ Tj 
fifj 



^^ij — FT Z^V-L ij -r J- i^'TT' 



k 

In what follows we shall assume that the connection V is torsion-free, di 

in some local coordinates, and as a result F^-^ = T\-. 
Summarizing, we get the following result. 
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Theorem 5 The foliation defined by level sets of a function f is totally geodesic 
in the torsion-free connection V if and only if the function f satisfies the fol- 
lowing system of differential equations: 

/'(/» - E h) - VifAfij - E ^i./fc) + fi^fn - E = (1) 

fe fe fe 

for all i < j, where 

fij = {di{fi) + d^{fi))/2. 
We call such a system a flex system. 

Consider a d-web Wd, d > n + 1, formed by the level sets of functions 

fa{xi, ...,Xn),a = l,...,d. 

The web Wd is said to be a geodesic web if the leaves of all its foliations are 
totally geodesic. 

Corollary 6 A web Wd is geodesic if and only if conditions (1) are satisfied for 

all web functions fa{xi, a;„), a = 1, . . . , d. 

The conditions for a planar 3-web to be geodesic were found in another form 
in [3]. 

In dimension n = 2 we get the only one differential equation which we have 
named the flex equation (see [5]) for the case of flat connections: 

/I (/ii-rli/i-r?i/2)-2/i/2 {fi2-rlJ,-Tij2)+f! {f22-TlJ,-Tlj^) = o. 

(2) 

In what follows, we shall often use the following definition. 
Definition 7 The flex of a function f{x, y) is 

(fxx fxy fx \ 
fxy fyy fy I • 
/. fy / 

4 Factorization of Flex Equation and Euler Equa- 
tion 

The flex equation possesses the infinite-dimensional group of gauge symmetries 
of the form 

for any diffeomorphism $ : M — >M . Factorization of this equation with respect 
to this pseudogroup leads us to the classical Euler equation as well as to some 
generalizations of it. 

In order to factorize the flex equation, we define the function 



which is the first-order differential invariant of the gauge pseudogroup. 
Indeed, we have: 

^if)y fy 
^(/). 

and the flex equation can be rewritten in terms of this invariant as follows: 

dyw - wdxw = nfiw^ - 3n?2«^^ - snJaw + n^2i 

where 

= ^22, 11^2 = — -(r|2 — 2r}2), nf2 = — -(rj^ — 2rf2), nf;^ = rfi 

are the Thomas parameters (see [9]). 

We call the above equation Euler's equation associated with the connection 

V. 

Given Cauchy data w{x, 0) = wo{x), one can solve the above Euler equation 
by the standard method of characteristics, and then find the function / {x, y) 
as a first integral of the vector field: 



5 Geodesic 4- Webs and Projective Structures 

Let us rewrite equation (2) as follows: 

n^2/f - 3n}2/iV2 - snljif^ + nljl = Fiex /. (3) 

Note that equation (3) appeared also in the paper [6], where the author 
studied the general theory of systems of linear second-order PDEs. 

Wo shall consider equation (3) as a linear equation for the components II^j, 
of the connection. 

Remind that two affinc ccmncctions, say V and V, are projectively equivalent 
if there is a differential l-form p such that 

Vx{Y) - Vx{Y) = p{X)Y + p{Y)X 

for all vector fields X and Y (see, for example, [8], p. 17). 

A projective structure on a manifold may be defined as a class of projectively 
equivalent affine connections. 

The coefficients 11^^ completely determine the equivalence class of the con- 
nection given by (r*^). 

Assume that a geodesic 4-web is given by web functions 

fi{x,y), f2{x,y), f3{x,y), f4,{x,y). 
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Then equation (3) gives the following linear system with respect to the 
Thomas parameters (or the so-called projective connection): 



n^2/fa - i^l2flifi,2 - 3n?2/i,i/22 + UiJl^ = Flex /i, 

n^2/l,l - ■i^\2flJ2,2 - 3nf2/2,l/|,2 + T^UL = Flex h, 

n^2/l,i - 3nj2/|,i/3,2 - 3nf2/3,i/|,2 + n?i/|,2 = Flex /a, 

nlJl, - mlJlj4,2 - mlji,ifl^ + nf j3 = Fiex u. 



Solving system (4), we get 



4 . . Jk,2 



ni = y Flex fi, 

k^i 
k^i 



4 H/fe.l n -^'.2 

-3n2 - V '^''^ Flex 



where 



J(/„/,)=det 



(4) 



(5) 



(6) 



.fi,l fi,2 

is the Jacobian of the functions fi{x,y) and fj{x,y). Note that in the planar 
case we have 1122 = "^12 and IlJ^ = — II^j. Thus, formulas (5) and (6) give all 
Thomas parameters HJ^,. 

Remark that system (4) is invariant with respect to the gauge transforma- 
tions fi — > i = 1,2,3,4, and therefore, solutions (5) and (6) do not 
depend on functions {fi}, but they are completely determined by the geodesic 
4- web. 

Summarizing, we get the following result. 

Theorem 8 Any planar A-web defines a unique projective structure in the plane 
in such a way that the leaves of the foliations are geodesies of this projective 
structure. 
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This theorem allows us to get the following Gronwall-type theorem (see [7]). 

Corollary 9 Any diffeomorphism sending a planar A-weh W4, into a planar 4- 
web W4 is a projective transformation of the corresponding projective structures. 

6 Geodesic Webs and Symmetric Projective Struc- 
tures 

Wc say that a projective structure is symmetric if the class of projectively 
equivalent affine connections contains an affine symmetric connection. 

Let us consider the case when the projective structure determined by a 4- web 
is symmetric. Then VR = for some affine connection from the class. 

Denote 



^ 12 



a, a 



22 



2rj2) P — Til 2r^2) — t- 



Then 



2a 



(7) 

(8) 



In order to simplify formulae, we choose coordinates x, y in the plane in such 
a way that fi{x, y) = x, f2{x, y) = y. 
Then (5) gives 

r?i = 0, Ti^ = 0, 



and (6) becomes 

f4^y Flex fs 



a ■ 



fs^y Flex /4 



fA,x Flex /g ^ /a, a: Flex fj 

fz,xf3,y^ /4,a;/4,j/A 



(9) 



(10) 



where 

^ = fi,xfi,y — fi,yfi,x- 

By a straightforward computation, one can find the components of the cur- 
vature tensor R (V) = {-RJ-fe;} of the connection : 



R{V) 



R112 


R212 




^112 


-"■212 





aoo — 2Ty — (3y + aT -ay + a'^ + aa 
Tx -t'^ - Tj3 lax -Ty + ax - ar 



Computing components of V-R, we get the following system of differential 
equations for components r and a: 



O'xx '^xy Pxy 



'xy 



2t„, 



-"yy 



Oix 



OLx 



~t~ 2 axx '^x 

~t~ 2 axy T-yi 



= (2r + (3)ax - 2ar^ - (3t + p){2Ty + py) + 2<TT(2r + p), 

= {3a + a)ax - {7a + 2a)Ty - {3a + a)Py - 2Tay + 2aT{2a + a), 

= (3T + /3)a^ + {7T + 2l3)ax + 2aTx - (3 r + /3)rj, - 2 crT(2 t + /?), 
= (3 cr + a)ax + 2(3 a + a)ax — (2 cr + ajTy + 2 ray — 2 crr(2 a + a), 

(11) 
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and 



r,, = 2(3 r + /3)t, + - 2 t(2 + 3 r/3 + /J^), 

Txy = T(T^ + ra^ + (3r + /3)rj, + 2r/3y + 2o-r^ - 2£7T(2r + 

Cxj/ = (3 cr + Q;)cri; + 2 (Ta-c + ctTj, + 2 rtTy + cr/3j, — 2 (Tr(2 (t + a), 

(Tyj, = 3(2cr + a)ay — 2 aa^ + 3acry + fTQ^ — 2cr^(2 a + 3a). 



(12) 



Consider a system consisting of the first and the last equations of (11) 
and (12). Solving this system, we find all second derivatives Txx,Txy,Tyy and 
fxx) fxj/) <7yy in terms of a, (3, cr, t and first-order derivatives of a and r : 

+ (4t + /3)(Tx + (t — (3)f3y + 2 Tax + Pxy — 2 (jt(2 t + /3), 
o'xy = (3 (J + a)ax + 2 traa; + aTy + 2 rcTy + aPy — 2 aT(2cr + a), 
Gyy = 3(2fT + a)ay + auy — 2 fT(a^ + 2 + 3 era), 
= 3(2 T + (3)tx +t(3x-2 t{(3'' + 2 + 3 t/J), 
Txy = rax + rax + (3 T + (3)Ty + 2{T(3y + (jTx) - 2 (jt{2 r + /3), 
'^vv = ~ Oi)'^x + (4 (T + a)Ty + 2{T(jy + a(3y) + Uxy - 2 (tt(2 cr + a). 

(13) 

Substituting these expressions into the second and third equations of (11), we 
get the following relations for a and (3: 

Q-xx + 2f3xy = Pax + 2Pf3y, ^^^^ 
2axy + (3yy = 2aax + af3y. 

Remark that for affine symmetric connections we have tr i? = 0, and it is easy 
to check that this is the only compatibility condition for system (13) under 

conditions (14) for a and p. 

Moreover, adding the condition tr R — 0, or 

ctx- Py + 3(tTx - Ty) = 0, (15) 

does not produce any new compatibility condition. 

In other words, assuming conditions (14) for a and /?, the PDE system of 
equations (13) and (15) with respect to a and r is a formally integrable system of 
finite type. It is easy to see that the solution space of the system has dimension 
5. 

Summarizing, we arrive at the following result. 

Theorem 10 (i) The projective structure defined by a planar A-web is symmet- 
ric if and only if conditions (14) hold. 

(ii) A planar 4-we6 given by functions {x,y, fs{x,y), f4{x,y)} is locally equiv- 
alent to a geodesic A-web on an affine symmetric surface if and only if 
conditions (14) hold for the functions a and /? defined by equation (10). 
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Remark 11 // a planar A-web satisfies conditions of the above theorem, then 
there exists a 5 -dimensional family Vt, f G M^, of affine symmetric connections 
such that all leaves of the web are geodesies for Vt- Take one of them, say Vto- 
Then for cases R(V i„) ^ 0, z/ det i?(Vto) > 0^ then the A-web is equivalent to 
a geodesic A-web either on the standard 2-sphere or to a geodesic A-web on the 
Lobachevskii plane. If det RCV to) < 0, then the A-web is equivalent to a geodesic 
A-web on the de Sitter plane. // det i?(Vtj,) = 0, then the A-web is equivalent 
to a geodesic A-web on the affine torus or on the Klein bottle {see, for example, 
[4]). 

7 Planar Geodesic d-Webs and Projective Struc- 
tures 

Consider now a planar rf-web defined by d web functions fa{x,y), a = 
1, d. Such a web has (^) 4-subwebs [a, (3, 7, s] defined by the foHations X^, Xp, 
Xj., and Xe, a, /3, 7, e = 1, d. 

If a rf-web Wd is geodesic, then each of (^) its 4-subwebs [a, /3, 7, e] is also 
geodesic, and by Theorem 8, each of them determines its own unique projective 
structure. These d—A projective structures coincide with a projective structure 
defined by one of them, let's say, by the 4-subweb [1, 2, 3, 4], if d— 4 second-order 
invariants given by the flex equations vanish. 

Thus we have proved the following result. 

Theorem 12 (i) A planar d-web, d > 5, defined by web functions < fi, . . . , fd > 
is geodesic if and only if the functions /s, . . . , /d satisfy flex equations (3), 
in which the com,ponents U.22 , , o,nd Ilf 2 are given by formulae (5) 
and (6). 

(ii) A planar d-web, d > 5, defined by web functions < x,y, fs, . . . , fd > is 
locally equivalent to a geodesic d-web with respect to a symmetric projective 
structure if and only if the d—A conditions for geodesicity mentioned above 
are satisfied and, in addition, conditions (14) hold. 

Remark 13 Theorem 4 shows that one has d—A second-order conditions on 
web functions and two more fourth-order conditions to have a geodesic d-web in 
a symmetric projective structure. 

8 Planar Linear Webs 

In what follows, we shall use coordinates x,y on the plane in which the Christof- 
fel symbols rj^. vanish. We shall assume that a rf-web Wd is formed by the level 

sets of web functions fi{x,y), f2{x,y), fd{x,y). 

The following theorem, which immediately follows from formula (3), gives a 
criterion for Wd to be linear in the coordinates x,y. 
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Theorem 14 The d-web Wd is a linear if and only if the web functions are 
solutions of the differential equation 



Flex / = 0. (16) 

Note that in algebraic geometry the hnearity condition Flex / = is also 
the necessary and sufficient condition for a point (x, y) to be a flex of the curve 
defined by the equation f{x,y) = 0. Here, in (16), Flex / = is the equation 
for finding the function f{x,y) (it should be satisfied for all points {x,y)). This 
is a reason that we call equation (16) the flex equation. 

We shall show how to integrate flex equation (16). The main idea of inte- 
gration is that the factorization of the flex-equation Flex / = with respect to 
the diffeomorphism group produces an Euler equation. 

Namely, as we have seen, passing to the differential invariant w = ^ allows 

Jv 

us to reduce the order of the equation. Let us rewrite the flex equation in the 
form 



^fy J \fy J V /y / 
Then integration of the flex equation is equivalent to solution of the following 

system: 

J dxW — wdyW = 0, 
\ dxf -wdyf =0. 

The first equation of the system 

dxW — wdyW = 

is the classical Euler equation in gas-dynamics. 

Solutions of this equation are well-known. Namely, if wq (y) = w|^_q is the 
Cauchy data, then the solution w{x,y) can be found from the system 

y + wo{X)x-X = 0, .^g. 
w{x,y)-wo{X) = 

by elimination of the parameter A. 

Further, if w is a solution of the Euler equation, then the functions w and 
/ are both first integrals of the vector field dx — wdy, and therefore, / = $(w) 
for some smooth function 

Summarizing, we get the following description of web functions of linear 
webs. 

Proposition 15 The web functions fi{x, y), f2{x, y), fd{x, y) of a linear d- 
web have the form 

fi{x,y) = ^i{wi{x,y)), f2{x,y) = $2(^2(0;, t/)), fd{x,y) = ^d{wd{x,y)), 

where w\{x,y),W2{x,y), Wd{x,y) are distinct solutions of the Euler equation, 
and $1, $2, o-fe smooth functions. 
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In particular, using the gauge transformations, we can take 

fi{x,y) =wi{x,y), f2{x,y) =W2{x,y),...., fd{x,y) = Wd{x,y). 

Therefore, the above proposition yields the following description of web func- 
tions for linear rf-webs. 

Theorem 16 Web functions of linear d-webs can be chosen as d distinct solu- 
tions of the Euler equation. 

Example 17 Assume that for a linear 3-web we have fi{x,y) = x, f2{x,y) = 
y and f^{x,y) = f{x,y). Taking wq (y) = — 2-^— y, we get from (18) that w = 
—2{x + \/ x^ — y) and f = x + \/x^ — y. The leaves of the third foliation are 
the tangents to the parabola y = x^. 

ExEimple 18 Assume that for a linear 5-web we have fi{x,y) = x and f2{x,y) = 
y. Taking {w3)a{y) ~ —2y/—y, {w4)o{y) = y and (^5)0(2/) = 2j/, we get the lin- 
ear 5-web with remaining three web functions 

2/ + 1 J. y 



f3 = x + y/x^ -y, fi = , /5 = 



1-a;' l-2a; 

The last three foliations of this 5-web are the tangents to the parabola y = x"^ 
{see Example 17) and the straight lines of the pencils with the centers (1,-1) 
and (5,0). 

9 Geodesic Webs on Surfaces of Constant Cur- 
vature 

Theorem 19 Let {M,g) be a surface of constant curvature with the metric 
tensor 

dx^ + dy"^ 

^ (l + K(.T2+y2))2' V ^1 

where k is a constant. Then the level sets of a function f{x, y) are geodesies of 
the metric if and only if the function f satisfies the flex equation 

Proof. It is easy to see that the Christoffel symbols F^j. are the following 

= -1^22 ~ ^21 ~ "■'^11 ~ — 2KX26, 

rJi = = = ~r22 ~ —2KXib, 

where ^ 
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Substituting these values into the right-hand side of formula (1), we get 
formula (20). ■ 

Remark that functions of the form f{x,y) = 4> (|) are solutions of the flex 
equation, and therefore the level sets of these functions arc geodesic. 

As we have seen (see Theorem 4), a geodesic d-weh uniquely defines a pro- 
jective structure provided that d — 4 additional second-order invariants vanish. 
This leads us to the following Gronwall-type theorem (cf. Corollary 4): 

Theorem 20 Suppose that Wd, d > A, is a geodesic d-weh given on a surface 
{M,g) of constant curvature for which d — A additional second-order invariants 
vanish. Then any mapping of Wd on a geodesic web Wd is a projective trans- 
formation. 

Proof. We give an alternative proof. By Beltrami's theorem (see [2]), the 
surface (M, g) can be mapped by a transformation <j> onto a plane, and the 
mapping (p sends the geodesies of {M,g) into straight lines. Thus the mapping 
(j) linearizes the webs Wd and Wd. In [5] (see Remark on p. 99) it was proved 
that for > 4 the Gronwall conjecture is valid, i.e., there exists a unique 
transformation sending Wd and Wd into linear d-webs, and this transformation 
is projective. The mapping of Wd onto Wd induces a transformation of the 
corresponding linear d-webs. The latter transformation is projective. As a 
result, the mapping of Wd onto Wd is also projective. ■ 

10 Geodesic Webs on Surfaces in 

Proposition 21 Let {M,g) C &e a surface defined by an equation z = 
z{x,y) with the induced metric g and the Levi-Civita connection V. Then the 
flex equation takes the form 

Flex / = ':i^V'iU fy^-- - '^hfvz.v + fl^yy). (21) 

1. -\- Zr,. Zy 

Proof. To prove formula (21), note that the metric induced on a surface 
z = z{x,y) is 

g = ds'^ = {l + zl)dx^ + (1 + zl)dy'^ + 2z^Zydxdy. 
Computing the Christoffel symbols, we get that 





pi 


-r^ - 


Zx Zxy 




Zx Zyy 


\ Zy 


A 12 


— J- 21 — 


^ Zy 


^ 22 — 


l-^zj + zfj 




p2 


_p2 _ 


ZyZxy 


p2 _ 


-x-tjtj 




^ 12 


— J- 21 — 


1 Z^ Zy 


A 22 — 


l + zl + zl 



Applying these formulas to the right-hand side of (2), we get formula (21). ■ 
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For example, functions of the form f{x,y) = $ are solutions of the 
flex equation if and only if the function z {x, y) satisfies one of the following 
equations: 



of the second one z{x,y) = x'^{^) + B(^), where rt{a),'i'{a) and 0(0;) are 
arbitrary smooth fimctions. 

If we assume that the foliations {x = const .} and {?/ = const .} are geodesic 
on the surface z = z{x,y), then the flex equation gives Zxx = Zyy — 0, and 
therefore z = axy + hx + cy + d for some constants a, b, c, and d, and formula 
(10) takes the form 
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